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50. Ih’TRODUCTION 
LET M be a compact smooth manifold, f: M + M a diffeomorphism. An energy function for f is a 
Morse function M + R which decreases along non-periodic orbits and has critical points only at 
the periodic points off. An analogous concept for vector fields was introduced by Meyer [8], who 
proved that Morse-Smale vector fields on compact manifolds always have energy functions. 
Shub[lZ] and Takens [15] have since asserted, without proof, that the theorem is also true for 
Morse-Smale diffeomorphisms. In this paper we show, using an example on the three-sphere, 
that this conjecture is false. 
The example is given in 02, after a section consisting of definitions and a construction of 
energy functions for Morse-Smale diffeomorphisms of surfaces. The distinguishing charac- 
teristic of the counterexample onS’ is an unstable manifold whose closure is a wildly embedded 
arc: under certain hypotheses it is shown that such phenomena preclude the existence of energy 
functions. 
In investigating further examples of diffeomorphisms with such wild phase portraits we see 
that no possible extension of the notion of labeled diagram will serve to classify conjugacy 
classes of Morse-Smale diffeomorphisms in dimension 3. These examples are discussed in 63. All 
our examples are gradient-like: there is no complicated behavior in the sense of [lo]. 
Note. The major results of Shub and Takens in the articles referenced above are still true. An 
alternative proof of Shub’s theorem has appeared in [13] and elsewhere, and Takens’ arguments 
work just as well using non-degenerate Liapunov functions, as defined in 91. 
$1. ENERGY F-UNCTIONS 
Let f: M + M be a diffeomorphism of the smooth (C=) compact manifold M. We shall call a 
smooth function cp: M +R a Liapunou function for f if (pcfx) 5 q(x) for all x E M, with equality 
holding only if x is non-wandering (this means for any neighborhood U of x there is n # 0 such 
that YfJ fl U# 0). Such functions are constructed in [3] for the large class of diffeomorphisms 
satisfying Axiom A and the no-cycle condition. 
Recall that a diffeomorphism is said to be Morse-Smale iff the set of non-wandering points 
consists of a finite number of hyperbolic periodic points and all stable and unstable manifolds 
meet transversely. We assume that the reader is familiar with the basic results and standard 
terminology and notation for such diffeomorphisms, which we shall use without further 
comment; general references are [lo] and [14]. 
If f is Morse-Smale it is appropriate to require that Liapunov functions for f be 
non-degenerate; that is, that all critical points be non-degenerate. Non-degenerate Liapunov 
functions for Morse-Smale diffeomorphisms may be constructed by the methods of [3]; 
alternatively, one can use an energy function for the suspension of f as suggested in [12]. 
We now define an energy function for a diffeomorphism f to be a non-degenerate Liapunov 
function for f with critical points at the periodic points off and nowhere lse. It is easy to see that 
a Liapunov function for f has critical points at the hyperbolic periodic points of j, so the 
important part of this definition is that all critical points be periodic under f. 
PRoPosiTroN 1. Let f be a Morse-Smale diffeomorphism of a compact two-manifold M. 
Then f has an energy function. 
Proof. For x E M we denote the orbit of x, {fx: n E Z}, by 0,. There is a partial order 2 on 
the periodic orbits of f defined by 0,~ 0, iff the unstable manifold Wy(Op) meets the stable 
manifold W’(0,). For these definitions ee [14]. We write 0, > 0, if 0, 2 0, but 0,~ 0,. We 
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can clearly find P, C . . . C PN+, = Perf (the set of all periodic points of j) such that 0, > 0, 
implies there is some i such that 4 E Pi, p E P,+,\P,. We may arrange this tiltration so that PO is 
the set of sinks and PN+, is the set of sources. Consider the following statement: 
(E,) There is a compact surface with boundary M, CM such that fM,, C int M. and 
Per f II M. = P., and there is a smooth real-valued function rp, defined on a neighborhood of M. 
which is an energy function for flMn. Moreover aM,, is a level curve of (P” and pux) = p.(x) - 1 on 
some nbhd of aM.. Finally, every component of M, contains a sink. 
We will prove this statement for n 5 N + 1; once we have EN+, we shall be finished. 
EO: It is a simple matter to find a disjoint union MO of disks, each containing no periodic point 
except for a single sink, such that fMo C int MO. It is then straightforward todefine cp,, to satisfy 
E0. 
E.+E.+, for n < N: Note that aM, is a union of circles. Since aM, and afM,, are level sets of 
cp” and all critical points of cp” are in int M,, we see that Cl (M.VM,) is a disjoint union of annuli 
(see [9]). Set X = U {W”(p): p EP.+,\P,}, so X is a finite disjoint union of arcs so that 
XV’(int M,) is compact. Using this and standard general position arguments we can modify M. 
and Q” so that E. remains true and X is transverse to JM,. So X n M,, has finitely many 
components K,, . . ., K,, Y,, . . ., Y, where the Ki are compact and the Yi are not. If some K, lies 
in M.VM. then it is an arc in some annulus connecting two points on aM,. Thus Kj and some arc 
on aM,, bound a disk D, and it is straightforward toconstruct an isotopy h, which pushes D out of 
M, and is the identity outside a small neighborhood V of D. Let H = hJ_’ on fV, H = h, 
elsewhere. Since V and fV are disjoint for V small enough, H is a diffeomorphism. Set 
M: = H-‘M “, Q: = Q,H. Then, using the fact that X n D is a union of various Ki, it’s easy to 
check that MA, QA satisfy E,, and X rl ML has at least one fewer compact component than 
X n M.. Now each Ki lies in M,V”M, for some k > 0, since fmkKi is in a small neighborhood of
P,+,\P, for k large. Then for some I <k, f-/K, contains ome Kj C M,VM,. Therefore the above 
process, iterated, eventually eliminates all compact components of X rl M,. Now yi meets aM, 
and faMn exactly once, so, again working in annuli, we can modify M, and Q” so that X is 
transverse to all level curves of Q” in M,VM,. Now we complete the process essentially as in 181: 
attach a union H of handles along the components of X\M,, take appropriate nergy functions on 
H UfH, and average these with Q. on the overlap. The transversality allows us to do this without 
introducing extra critical points. 
&JEi.r+t: We can claim that Cl (M\MN) is a disjoint union of disks, each containing asource 
and no other periodic point. To see this, let C be a component of Cl (M\MN). Then C lies in the 
union of the unstable manifolds of the sources, so it lies in one of them, W"(p). Hence C lies in a 
disk so C itself is a disk or a disk with holes. But if C had holes then W’(p) would contain a 
component of M,, which in turn contains a sink, and this is impossible. Let K be the component 
of Cl (M\MN) which contains p ; then f”K > K n C for some multiple of the period. If C# K this 
contradicts the fact that MNlf"M,., is a union of annuli, and we have established the claim. Now it 
is clear how to extend QN to MN+, = M by using the same method as for the sinks. Cl 
52. NON-EXISTENCE OF ENERGY FUNCTIONS 
After some reflection it is clear what goes wrong with the proof of Proposition 1 in higher 
dimensions: knots. That is, in trying to isotope the compact pieces K, out of M, we may find that 
they are linked with the non-compact pieces Yj, and that pushing Ki out of M, does not reduce 
the total number of compact pieces. In this section we shall show that this possibility does indeed 
arise and invalidates not only the proof, but the statement, of Proposition 1 in 
.+x,*}. 
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Proof. Part (a) is trivial. For (b) suppose x E W”(p)\p but p(x)> q(p). Then &“x)> 
q(x) > (p@) for all n >O, which yields a contradiction since x E W”(p) so cpcf-“X)+&I) as 
n +=. Next consider (d); here we are identifying a neighborhood of p with an open subset V of 
R”, and T,M with R”. Then Df’(p)u = $5 t-‘f”@ + tu) and f” maps V f~ C into C, whence 
Df’@)CC C is clear. Since Vn W”@)C C, by (b), the same kind of argument shows 
T,,W”(p) C C, and applying Df’(p) to this inclusion finishes (d). Now it is obvious (and easy to 
prove) that any linear subspace contained in C must have dimension (u, so dim WY@) = 
dim T,W”(p) 5 u. Replacing f and cp by f-’ and -cp we obtain dim W’(p) 5 n - u. Since 
dim W”(p) + dim W’@) = n we must have equality, and (c) is proved. 0 
By a polyhedron (e.g., k-sphere) in a manifold M we mean a topologically embedded 
simplicial complex. A polyhedron K is tame iff there is a homeomorphism of M onto itself which 
carries K onto a subcomplex of some C’ triangulation of M. Otherwise K is wild. 
PROPOSITION 2. Suppose f is a Morse-Smale difleomorphism of a 3-manifold M which has an 
energy function cp. Let p be a fixed point off such that M,, contains no periodic points except for 
sinks. Zf X is a component of W”(p) f~ M, then the closure ff is a tame arc, 2-sphere, or 3-sphere. 
Proof. It is clear that X is an arc , ‘,-sphere, or 3-sphere, and in the last case there is nothing 
more to show. We have _% = X U (p, q} where 4 is a sink, and X is smooth except at 4. It follows 
from [7] for arcs, resp. [2, Th. 5.11 for 2-spheres, that we need only show 4 has arbitrarily small 
3-disk neighborhoods D such that 8D n .% is a point, resp. a simple closed curve. We prove this in 
the one-dimensional case, the two-dimensional case being very similar. 
By the Morse lemma[9] we can find coordinates xi near p as in Lemma 2, with u = 1. Let 
E = T,, W”(p), and distinguish two alternatives. 
(1) E c (p} u int C. It follows immediately that E is transverse to all level curves of q near p, so 
the same is true of W”(p). Thus, for some sufficiently small open set U containing p, X fl U is 
connected and transverse to the level curves of cp. Take k > 0 so that f”X = X and select 
x E X n ZJ SO that fkx E X n U. Let S be the component of cp-‘(cpx) which contains x. Since M, 
contains no critical points except for minima of cp we know that S is the boundary of a smooth 
3-disk neighborhood of 4. Let Z be the interval in X from x to f*x; then q(y) < q(x) for y E Z\x 
and hence for y E U rkZln > 0}, which is the arc of X starting at fkx and extending to q. Thus X 
meets S in exactly one point. Then X = f”“X meets f”“S in exactly one point, and f”“S bounds a 
3-disk neighborhood of 4 whose diameter tends to zero as n +m. Thus we have verified the 
tameness criterion. 
(2) EC K. Take a Riemannian metric on M which is flat in the coordinates xi, and let 
a, be the flow generated by the vector field -grad cp. Set g, = a, 0 f for t > 0. It is easy to check 
that cp is an energy function for g,. Dg,(p) = D@@)Df(p) and it is also easy to check that 
D@,@)C C (p} U int C. Then from the lemma we see that g, satisfies condition 1 above, and the 
proposition is true for g,. Since g, is topologically conjugate to f for t small enough[ I I] this also 
proves the proposition for f. •II 
Example A. There exists a Morse-Smale diffeomorphism of S’ which has no energy function. 
Proof. For the construction refer to Fig. 1. We start with a solid torus T divided as shown 
into two cylinders T,, T2 and a solid torus T,, attached along two disks T, n T2 and T, n T,. Let f,, 
embed T into its interior as follows: T, and T, are contracted into the interiors of 3-disks in their 
respective interiors, and Tz is stretched to a long thin cylinder passing through itself once, and 
passing through the hole in fOT, and then around the hole in ‘Z, before joining f,,T,. It is easy to do 
this so f0 is a Morse-Smale mbedding, with fixed points pi E Ti and no other periodic points. 
Here pl and p3 are sinks, and pz is a saddle with one-dimensional unstable manifold. Now we 
extend f0 to a diffeomorphism of S‘. We first attach a thin 3-disk D across the hole in T and 
extend f0 to an embedding f,: T U D*>so the image of D lies in T; this introduces no new 
non-wandering points. Now T U D is a three-disk and f,: T U D>is isotopic in T U D to the 
identity. So we may extend f, to a diff eomorphism f of S’ = R’ U {r} by adding a fixed source at 
p. This obviously yields a Morse-Smale diffeomorphism f with periodic points p,, pz, pj, r. If f 
had an energy function then Proposition 2 would apply to W”f&). However it is easy to see that 
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FIG. 1. T and fl (example A). 
FIG. 2. Cl W"(p,) (example A). 
Cl W”@J is as shown in Fig. 2; this is precisely example 1.2 in [4], one of the well-known 
Fox-Artin wild arcs. So f does not have an energy function. 0 
Remark. A handle decomposition for an n-manifold M is a sequence 0= MO C . . . C Mk = M 
of submanifolds with boundary such that each Mi\int M,_, is a disjoint union of handles, each of 
which is a product D” x D’ of a u- and an s-disk (u + s = n) whose intersection with M,-, is 
8D” X D‘. Several notions of compatible handle decomposition for a Morse-Smale diffeomor- 
phism f have appeared[6,13]. The compatibility requirements are at least the following: 
fMj C int Mj; each handle contains at most one periodic point; and for such p E H = D” x D‘, 
W”(p) is transverse to each slice {x} x D’ in H. Then example A may be reinterpreted as follows: 
any handle decomposition of S’ satisfying these compatibility conditions must have handles 
containing no periodic points; in other words, f* is not an isomorphism on all the groups 
H*(Mi, M,-,). This is proved by a simple variation of the proof of Proposition 2. 
$3. THE INSUFFICIENCY OF DIAGRAMS 
The diagram of a Morse-Smale diffeomorphism f is the directed graph whose vertices are the 
periodic orbits of f, with an edge from 0, to 0, iff 0, > 0, and there is no orbit 0, with 
0, > 0, > 0,. The diagram is an invariant of topological conjugacy, but, as is well known, it is not 
a complete invariant: that is, there are non-conjugate Morse-Smale diffeomorphisms with 
isomorphic diagrams. Several attempts have been made to attach additional information to the 
diagram in order to make it a more powerful invariant; this is the notion of a labeled diagram. 
Thus vertices may be labeled with the germ of f at 0, ([14]) and edges with the topological 
conjugacy class off restricted to Cl Wp4, where we write W,, = Wy(OP) rl W’(0,) (see [l]). It is 
apparent from example A that the embedding type of Cl W,, is also significant. 
We propose the following system of labeling which seems to incorporate all topological 
information about the sets W,,. First, define an equivalence relation on pairs (W,g), where 
W c M and g: -W+ W is continuous, by (W,g)- (W’,g’) iff there is a homeomorphism 
h : M + M such that h W = W’ and hg = g’h. Now we label the vertices of the graph as above, and 
label the edges by the equivalence classes of (W,,, fl W,,) under the above relation. Then this also 
identifies the embedding type of Cl W,, and the conjugacy class of f on this closure. 
Example B. There are Morse-Smale diffeomorphisms of S3 which are not topologically 
conjugate although they have identical abeled diagrams. 
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Proof. Refer to Fig. 3. Let K be a solid cylinder, divided as shown into 5 cylinders 
K ,, . . ., Kg, attached end to end. For g we take the time 1 map of the flow of some gradient vector 
field, so that the periodic points of g consists of a source at = and pi E K,, so that p,, p3, p5 are 
sinks and p2, p4 have one-dimensional unstable manifolds. This can be done so that g is 
Morse-Smale, and so there is some invariant 2-sphere Z: passing through = and p3 which divides 
K, and K,, in half. For f we make the modifications shown in Fig. 3: we replace gK, n K, by a 
cylinder tied in an overhand knot. This describes fO: K + int K, and we may assume f0 = g(K 
except on g-‘(gK4 fl K,). Then extend f to a diffeomorphism f of S’; this can be done so that f 
and g agree on one side of Z. 
Then f has the same diagram as g, and the labelling is evidently the same except, perhaps, on 
the edges p4 + pJ and 0~ + pd. Now construct an arc of diff eomorphisms starting at f and ending at 
f’. These will agree outside of K and the effect is to move the knot over to the other side of Z; see 
Fig. 4. It is possible to do this so that all diffeomorphisms along the arc are Morse-Smale; hence f
and f are topologically conjugate. Furthermore, we may arrange that f’ and g agree on the side of 
8 containing K,. Thus the edges p4 --) p3 and 5 + p4 have the same labelling for g and for f’; since f
and f’ are topologically conjugate we have shown that f and g also have the same labeled 
diagram. 
Now consider Fig. 5. Although Cl W;(p2) and Cl W;(pJ are both tame (in fact we just 
proved this), their union is wild (a mildly wild arc; see [S]). This is obviously not true for g, so g is 
not conjugate to f. cl 
We might hope, at least, that we can distinguish Morse-Smale diffeomorphisms by 
considering all possible intersections W,,. So define the complete labeled diagram to be the 
directed graph with periodic orbits as vertices and an edge from 0, to 0, whenever 0, > 0,; we 
label this as before. 
Example C. There are Morse-Smale diffeomorphisms of S’ which are not topologically 
conjugate although they have identical complete labeled diagrams. 
Proof. Consider a solid cylinder K divided into 9 subcylinders K,, . . ., K9, attached end to 
end. As in Example B we can construct Morse-Smale dhfeomorphisms with 10 fixed points: m 
and pi E Ki which are alternately sinks and saddles with one-dimensional unstable manifolds. 
We construct hese so that some sphere Z passing through m and p5, which cuts K and Ks in half, 
is invariant. Construct one of these, f, by tying overhand knots with the same orientation in 
fK4 II K, and fK6 fl K,; let g = f on one side of Z and define g on the other side so it is invariant 
under reflection through Z. 
Then g and f have the same complete diagrams, and all the labelling is the same (using either 
/’ I’ 
I! : 








K K2 KS K4 KS 
FIG. 3. K and fK (example B). 
FIG. 4. The arc from f to f’. 
FIG. 5. a = Cl WY@:) U Cl W”(p,,. 
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the identity or reflection through Z) except, possibly, for the edge = +p5. But W=ps is bounded 
by the two tame 2-spheres Cl W’@,) and Cl W’@,), whose union is tame, and we may require 
that, on W=p,, f and g both be given by a gradient flow. So f, g have the same complete labeled 
diagram. 
Now the wild arc (Y in Fig. 5 is not amphicheiral[5]; this means that no homeomorphism of S’ 
which preserves orientation can map this arc onto its reflection, and no orientation reversing 
homeomorphism can map it onto itself. Since the phase portrait of f contains two copies of a 
with the same orientation while the phase portrait of g does not, we conclude that f and g are not 
topologically conjugate. 0 
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